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A1-HOMOTOPY INVARIANTS OF DG ORBIT CATEGORIES
GONC¸ALO TABUADA
Abstract. Let A be a dg category, F : A → A a dg functor inducing an equiv-
alence of categories in degree-zero cohomology, and A/F the associated dg
orbit category. For every A1-homotopy invariant E (e.g. homotopy K-theory,
K-theory with coefficients, e´tale K-theory, and periodic cyclic homology), we
construct a distinguished triangle expressing E(A/F ) as the cone of the endo-
morphism E(F ) − Id of E(A). In the particular case where F is the identity
dg functor, this triangle splits and gives rise to the fundamental theorem. As
a first application, we compute the A1-homotopy invariants of cluster (dg)
categories, and consequently of Kleinian singularities, using solely the Coxeter
matrix. As a second application, we compute the A1-homotopy invariants of
the dg orbit categories associated to Fourier-Mukai autoequivalences.
1. Introduction and statement of results
Dg orbit categories. A differential graded (=dg) category A, over a base commu-
tative ring k, is a category enriched over complexes of k-modules; see §3.1. Every
(dg) k-algebra A gives naturally rise to a dg category with a single object. Another
source of examples is provided by schemes since the category of perfect complexes
perf(X) of every quasi-compact quasi-separated k-scheme X admits a canonical
dg enhancement perfdg(X). When k is a field and X is quasi-projective, this dg
enhancement is moreover unique; see Lunts-Orlov [23, Thm. 2.12]. In what follows,
we will denote by dgcat(k) the category of small dg categories and dg functors.
Let F : A → A be a dg functor which induces an equivalence of categories
H0(F ) : H0(A) ≃→ H0(A). Motivated by the theory of cluster algebras, Keller
introduced in [18, §5.1] the associated dg orbit category A/F Z; see §3.3. This dg
category has the same objects as A and complexes of k-modules defined as
(A/F Z)(x, y) := colimp≥0
⊕
n≥0
A(Fn(x), F p(y)) .
The canonical dg functor π : A → A/F Z comes equipped with a morphism of
dg functors ǫ : π ⇒ π ◦ F , which becomes invertible in H0(A/F Z), and the pair
(π, ǫ) is the solution of a universal problem; consult [18, §9] for details. Intuitively
speaking, the dg category A/F Z encodes all the information concerning the orbits
of the “homotopical Z-action” on A. Note that in the particular case where A is a
k-algebra A, the dg functor F reduces to a k-algebra automorphism σ : A ≃ A and
the dg orbit category A/F Z reduces to the crossed product k-algebra A⋊σ Z.
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A1-homotopy invariants. A functor E : dgcat(k)→ T , with values in a triangu-
lated category, is called an A1-homotopy invariant if it satisfies the conditions:
(i) It inverts the Morita equivalences, i.e. the dg functors A → B which induce
an equivalence of derived categories D(A) ≃→ D(B); see §3.1.
(ii) It sends short exact sequences of dg categories (see [17, §4.6]) to triangles
0→ A→ B → C → 0 7→ E(A)→ E(B)→ E(C) ∂→ Σ(E(A)) .
(iii) It inverts the dg functorsA → A[t], whereA[t] stands for the tensor product
of A with the k-algebra of polynomials k[t].
Example 1.1 (Homotopy K-theory). Weibel’s homotopy K-theory gives rise to an
A1-homotopy invariantKH : dgcat(k)→ Spt with values in the homotopy category
of spectra; see [33, §2][35, §5.3]. When applied to A, resp. to perfdg(X), it agrees
with the homotopy K-theory of A, resp. of X . Given a prime power lν , we can
also consider mod-lν homotopy K-theory KH(−;Z/l) : dgcat(k)→ Spt.
Example 1.2 (K-theory with coefficents). When 1/l ∈ k, mod-lν algebraicK-theory
gives rise to an A1-homotopy invariant K(−;Z/lν) : dgcat(k) → Spt; see [37, §1].
In the same vein, when l is nilpotent in k, we have the A1-homotopy invariant
K(−) ⊗ Z[1/l] : dgcat(k) → Spt. When applied to A, resp. to perfdg(X), these
invariants agree with the algebraic K-theory with coefficients of A, resp. of X .
Example 1.3 (E´tale K-theory). Dwyer-Friedlander’s e´tale K-theory gives rise to an
A1-homotopy invariant Ket(−;Z/lν) : dgcat(k)→ Spt, where lν be a prime power
with l odd; see [35, §5.4]. When 1/l ∈ k and the k-scheme X is regular and of finite
type over Z[1/l], Ket(perfdg(X);Z/l
ν) agrees with the e´tale K-theory of X .
Example 1.4 (Periodic cyclic homology). Let k be a field of characteristic zero.
Connes’ periodic cyclic homology gives rise to an A1-homotopy invariant HP :
dgcat(k) → DZ/2(k) with values in the derived category of Z/2-graded k-vector
spaces; see [33, §3]. When applied to A, resp. to perfdg(X), it agrees with the peri-
odic cyclic homology of A, resp. of X . Moreover, when the k-scheme X is smooth,
the Hochschild-Kostant-Rosenberg theorem furnish us the following identifications
with de Rham cohomology:
(1.0.1) HP+(perfdg(X)) ≃
⊕
n even
HndR(X) HP
−(perfdg(X)) ≃
⊕
n odd
HndR(X) .
Statement of results. Let A be a dg category and F : A → A a dg functor which
induces an equivalence of categories H0(F ). Our main result is the following:
Theorem 1.5. For every A1-homotopy invariant E : dgcat(k) → T , we have the
following distinguished triangle:
(1.0.2) E(A) E(F )−Id−→ E(A) E(π)−→ E(A/F Z) ∂−→ Σ(E(A)) .
Note that since F is a Morita equivalence, the above condition (i) implies that
E(F ) is an automorphism. Hence, we obtain an induced Z-action on E(A). The-
orem 1.5 shows us then that the dg orbit category A/F Z can be thought of as a
“model” for the orbits of this Z-action on E(A).
Corollary 1.6. Assume that KH(A) agrees with the algebraic K-theory of A.
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(i) We have KHn(A/F Z) = 0 for n < 0 and KH0(A/F Z) identifies with
the cokernel of the endomorphism K0(F ) − Id of K0(A). The same holds
mutatis mutandis for K-theory with coefficients and e´tale K-theory.
(ii) If the category H0(A/F Z) is triangulated and idempotent complete, then
KH0(A/F Z) identifies also with the Grothendieck group of H0(A/F Z).
Remark 1.7. The assumption of Corollary 1.6 holds for example when A is a regular
k-algebra A or the dg category of perfect complexes of a regular k-scheme X ; see
Weibel [40, Ex. 1.4 and Prop. 6.10].
Corollary 1.8. We have the following six-term exact sequence:
(1.0.3) HP+(A) HP
+(F )−Id // HP+(A)
HP+(π)

HP−(A/F Z)
∂
OO
HP+(A/F Z)
∂

HP−(A)
HP−(π)
OO
HP−(A) .
HP−(F )−Id
oo
Proof. If follows from the long exact sequence of cohomology groups associated to
the distinguished triangle (1.0.2) (with E = HP ). 
2. Applications
In this section we apply Theorem 1.5 to different choices of A and F .
Identity dg functor. When F is the identity dg functor, the dg orbit category
A/F Z can be identified with the tensor product A[t, t−1] of A with the k-algebra of
Laurent polynomial k[t, t−1]. Moreover, the morphism E(F ) − Id becomes trivial.
As a consequence, the triangle (1.0.2) splits and we obtain the following result
(which was previously obtained in [33] in the particular case where k is a field):
Corollary 2.1 (Fundamental theorem). For every A1-homotopy invariant E, we
have an isomorphism E(A[t, t−1]) ≃ E(A) ⊕ Σ(E(A)).
By applying Corollary 2.1 to the above Examples 1.1-1.4, we hence obtain the
fundamental theorem in homotopy K-theory, in K-theory with coefficients, in e´tale
K-theory, and in periodic cyclic homology!
Remark 2.2. In the particular case of k-algebras and quasi-compact quasi-separated
k-schemes, the fundamental theorem in homotopyK-theory, resp. in periodic cyclic
homology, was originally obtained by Weibel [40], resp. Kassel [16]. Weibel’s proof
makes use of the Bass-Quillen’s fundamental theorem while Kassel’s proof makes
use of the relation between periodic cyclic homology and infinitesimal cohomology.
Remark 2.3 (Inner automorphisms). In the case where A is a dg k-algebra A and
F a inner automorphism σ : A ≃ A, a 7→ uau−1, we have E(F ) = Id. This follows
from the isomorphism of A-A-bimodules IdB
∼→ σB, a 7→ ua (see §3.1-3.2), and from
the fact that E(IdB) = Id (see Lemma 4.7). As a consequence, we still obtain a
“fundamental” isomorphism E(A⋊σ Z) ≃ E(A)⊕ Σ(E(A)).
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Suspension dg functor. Assume that the dg category A is pretriangulated in
the sense of Bondal-Kapranov [4, §3]. In this case, we can choose for F any of the
suspension dg functors Σn : A → A, n ∈ Z.
Example 2.4 (2-periodic complexes). Let k be a field, A a finite dimensional hered-
itary k-algebra, Db(A) the bounded derived category of finitely generated right
A-modules, and Dbdg(A) the canonical dg enhancement of Db(A). As proved by
Peng-Xiao in [28, Appendix], H0(Dbdg(A)/(Σ2)Z) can be identified with the (trian-
gulated) homotopy category of 2-periodic complexes of projective right A-modules.
Proposition 2.5. For every A1-homotopy invariant E, we have E(Σn) = (−1)n Id.
Consequently, we obtain the following computations
E(A/(Σn)Z) ≃
{
E(A) ⊕ Σ(E(A)) when n is even
E(A)/2 when n is odd ,
where E(A)/2 stands for the cone of the 2-fold multiple of the identity of E(A).
Example 2.6. When n is even, the 2-periodicity of HP implies that
HP+(A/(Σn)Z) ≃ HP−(A/(Σn)Z) ≃ HP+(A) ⊕HP−(A) .
On the other hand, since multiplication by 2 is an automorphism of HP (A), we
conclude that HP (A/(Σn)Z) = 0 whenever n is odd.
Remark 2.7 (Universal coefficient sequence). Given an object b ∈ T and m ∈ Z, let
us write Ebm(−) for the functor HomT (Σm(b),−). For example, when E = KH and
b is the sphere spectrum S, the functor Ebm(−) identifies with KHm(−). Note that
when n is odd the distinguished triangle E(A) ·2→ E(A) → E(A)/2 → Σ(E(A))
gives rise to the following short exact sequence of abelian groups:
0 −→ Ebm(A)⊗Z Z/2 −→ Ebm(A/(Σn)Z) −→ {2-torsion in Ebm−1(A)} −→ 0 .
Finite dimensional algebras of finite global dimension. Let k be an alge-
braically closed field and A a finite dimensional k-algebra of finite global dimen-
sion. The Grothendieck group of Db(A) is free and a canonical basis is given by
the Grothendieck classes [S1], . . . , [Sm] of the simple right A-modules. Therefore,
given a dg functor F : Dbdg(A) → Dbdg(A) which induces an equivalence of cate-
gories H0(F ), the associated group automorphism of K0(Db(A)) can be written as
an invertible matrix M(F ) ∈Matm×m(Z).
Proposition 2.8. For every A1-homotopy invariant E, the following holds:
(i) We have a canonical isomorphism E(Dbdg(A)) ≃
⊕m
i=1 E(k).
(ii) Under (i), the automorphism E(F ) is given by the matrix M(F ).
Cluster categories. Let k be an algebraically closed field, Q a finite quiver with-
out oriented cycles, and kQ the associated path k-algebra. In this case, we can
choose for F any of the following dg functors
τ−1Σn : Dbdg(kQ) −→ Dbdg(kQ) n ≥ 0 ,
where τ stands for the Auslander-Reiten translation.
Example 2.9. When n = 0 and Q is of Dynkin type A, D or E, the category C(0)Q :=
H0(Dbdg(kQ)/(τ−1)Z) identifies with the triangulated category of finite dimensional
projective modules over the preprojective algebra Λ(Q); see [18, §7.3].
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Example 2.10. When n ≥ 1, the category C(n)Q := H0(Dbdg(kQ)/(τ−1Σn)Z) is called
the (n)-cluster category of Q; see Reiten [30, §3.9]. Thanks to the work of Keller
[18, §4 Thm. 1], CQ is a triangulated category. These categories play nowadays a
key role in representation theory of finite dimensional algebras.
Corollary 2.11. For every A1-homotopy invariant E, we have the triangles
m⊕
i=1
E(k)
(−1)nCQ−Id−→
m⊕
i=1
E(k) −→ E(Dbdg(kQ)/(τ−1Σn)Z) −→
m⊕
i=1
Σ(E(k)) ,
where CQ stands for the Coxeter matrix of Q. Moreover, the Grothendieck group
1
of C(n)Q identifies with the cokernel of the endomorphism (−1)nCQ − Id of
⊕m
i=1 Z.
Remark 2.12. The second claim of Proposition 2.11 was obtained independently by
Barot-Dussin-Lenzing [3, §3] in the particular case where n = 1.
Proof. It is well-known that M(τ−1) identifies with the Coxeter matrix CQ of Q.
Therefore, the proof of the first claim follows from the combination of Theorem 1.5
with Propositions 2.5 and 2.8. In what concerns the second claim, it follows from
Corollary 1.6 since kQ is a regular k-algebra and the cluster categories C(n)Q are not
only triangulated but also idempotent complete (see [7, Prop.1.2]). 
Kleinian singularities. Let k be an algebraically closed field of characteristic
zero. As explained by Amiot-Iyama-Reiten in [1], the category C(0)Q of Example 2.9
is triangle-equivalent to the stable category of maximal Cohen-Macaulay modules
over the Kleinian hypersurface associated to the quiver Q. For example, when Q is
the Dynkin quiverAs : 1→ 2→ · · · → s, C(0)As identifies with the categoryMCM(Rs)
where Rs := k[x, y, z]/(x
s+1 + yz). Roughly speaking, the latter category2 encodes
all the information concerning the isolated singularity of the Kleinian hypersurface.
Proposition 2.13. We have an isomorphism K0(MCM(Rs)) ≃ Z/(s+ 1).
Remark 2.14. By definition, the category of singularities Dsing(Rs) is defined as
the Verdier quotient Db(Rs)/perf(Rs). Consequently, we have the exact sequence
(2.0.4) K0(Rs) −→ G0(Rs) −→ K0(MCM(Rs)) .
Since Rs is a local ring, K0(Rs) ≃ Z. Moreover, the composition of K0(Rs) →
G0(Rs) with the rank map G0(Rs) → Z is the identity. This implies that (2.0.4)
gives rise to an injective homomorphism G0(Rs)/Z → K0(MCM(Rs)). Making
use of previous work of Brieskorn [9] on class groups, Herzog-Sanders proved in
[14, Thm. 2.1] that G0(Rs)/Z ≃ Z/(s + 1). Thanks to Proposition 2.13, we hence
conclude that G0(Rs)/Z ≃ K0(MCM(Rs)).
Remark 2.15 (K-theory with coefficients). Making use of Corollary 2.11 and of
previous work of Suslin [32], the author established in [37] a complete computation
of all the (higher) algebraic K-theory with coefficients of the Kleinian singularities.
1When n = 0 we are implicitly assuming that the quiver Q is as in the above Example 2.9.
Otherwise, as explained by Keller in [18, §3], the category C
(0)
Q
may not be triangulated.
2Also usually known as the category of singularities; see Buchweitz [8] and Orlov [26, 27].
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A cyclic quotient singularity. Let k be an algebraically closed field of charac-
teristic zero. Consider the Z/3-action on the power series ring kJx, y, zK given by
multiplication with a primitive third root of unit. As proved by Keller-Reiten in [20,
§2], the stable category of maximal Cohen-Macaulay modules MCM(R) over the
fixed point ring R := kJx, y, zKZ/3 is triangle-equivalence to the (1)-cluster category
of the generalized Kronecker quiver Q :1
// //// 2 .
Proposition 2.16. We have an isomorphism K0(MCM(R)) ≃ Z/3× Z/3.
To the best of the author’s knowledge, this computation is new in the literature.
Notation 2.17. In order to simplify the exposition of the next two subsections, we
will write −⊗−, q∗, and ∆∗, instead of −⊗L −,Rq∗, and R∆∗, respectively.
Line bundles. Let k be a field, X a smooth projective k-scheme, L a line bundle
on X , and n ∈ Z. In this case, we can choose for F the following dg functor:
perfdg(X) −→ perfdg(X) F 7→ F ⊗ L[n] .(2.0.5)
Example 2.18. When n := dim(X) and L is the canonical line bundle ωX :=
∧n
T ∗X ,
the associated dg functor −⊗ ωX [n] is called the Serre dg functor of X .
Remark 2.19. When the canonical or anti-canonical line bundle of X is ample,
Bondal-Orlov proved in [6, Thm. 3.1] that modulo the autoequivalences of perf(X)
induced by the automorphisms of X , all the autoequivalences are as in (2.0.5).
The following example shows that in some particular cases the dg orbit category
associated to (2.0.5) can alternatively be constructed using an automorphism.
Example 2.20 (Abelian varieties). Let k be an algebraic closed field, A an abelian
variety, Â its dual, and P the Poincare´ bundle on Â × A. Given α ∈ Â, consider
the line bundle Pα := P|α×A on A and the translation automorphism tα : Â ≃ Â.
Thanks to the work of Mukai [24, Thm. 2.2], the Fourier-Mukai dg functor
ΦP : perfdg(A) −→ perfdg(Â) F 7→ q∗(p∗(F)⊗ P) ,(2.0.6)
where ∆ : X → X ×X is the diagonal morphism and q, p : X ×X → X the first
and second projections, is a Morita equivalence, Moreover, (− ⊗ Pα)ΦP ≃ ΦPt∗α;
see [24, §3.1]. As a consequence, we obtain an induced Morita equivalence between
the dg orbit categories perfdg(A)/(− ⊗ Pα)Z and perfdg(Â)/(t∗α)Z.
Since the k-scheme X is regular, homotopy K-theory KH(X) agrees with alge-
braic K-theory K(X). Consequently, Theorem 1.5 (with E = KH) combined with
Proposition 2.5 give rise to the following distinguished triangle:
K(X)
(−1)nK(−⊗L)−Id−→ K(X) K(π)−→ KH(perfdg(X)/(−⊗ L[n])Z) −→ Σ(K(X)) .
Example 2.21 (Curves). When X is a smooth projective curve C, we haveK0(C) ≃
Z×Pic(C) and the homomorphism K0(−⊗L) identifies with multiplication by L.
Thanks to Corollary 1.6(i), we hence obtain the following computation:
(2.0.7) KH0(perfdg(C)/(−⊗ L[n])Z) ≃
{
Z× Pic(C)/L=OC if n is even
Z/2Z× Pic(C)/L=OC if n is odd .
In the particular case where k is algebraically closed, L := ω∗C , and n ≥ 1, the
category H0(perfdg(C)/(−⊗ω∗C [n])Z) is known to be triangulated and idempotent
complete. This follows from the combination of [18, §9.9 Thm. 6] and [7, Prop. 1.2]
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with the fact that the abelian category of coherent OC -modules Coh(C) is heredi-
tary and satisfies the Krull-Schmidt condition. Consequently, thanks to Corollary
1.6(ii), the left-hand side of (2.0.7) identifies also with the Grothendieck group of
the triangulated category H0(perfdg(C)/(− ⊗ ω∗C [n])Z).
In what concerns periodic cyclic homology, we have the following result:
Proposition 2.22. When A is the dg category perfdg(X) and F the dg functor
−⊗ L[n], the above 6-term exact sequence (1.0.3) reduces to
⊕
n evenH
n
dR(X)
(−1)n(−·ch(L))−Id //⊕
n evenH
n
dR(X)
HP+(π)

HP−(perfdg(X)/(−⊗ L[n])Z)
∂
OO
HP+(perfdg(X)/(−⊗ L[n])Z)
∂
⊕
n oddH
n
dR(X)
HP−(π)
OO
⊕
n oddH
n
dR(X) ,(−1)n(−·ch(L))−Id
oo
where ch(L) ∈⊕nH2ndR(X) stands for the Chern character of L.
Spherical objects. Let k be a field and X a smooth projective k-scheme of di-
mension d. Recall from [31, Def. 1.1] that an object E ∈ perf(X) is called spherical
if E ⊗ ωX ≃ E and Homperf(X)(E , E [∗]) agrees with the cohomology H∗(Sd; k) of
the d-dimensional sphere. Thanks to the work of Seidel-Thomas [31, Thm. 1.2], we
can then choose for F the associated spherical twist:
perfdg(X)
Φ−→ perfdg(X) F 7→ q∗(p∗(F)⊗ cone (q∗(E∨)⊗ p∗(E)→ ∆∗(OX))) .
Proposition 2.23. For every A1-homotopy invariant E, we have the equality
E(Φ) = Id−E(Φ′), where Φ′ stands for the Fourier-Mukai dg functor Φq∗(E∨)⊗p∗(E).
Remark 2.24 (P-twists). Recall from [15, Def. 1.1] that an object E ∈ perf(X) is
called a Pn-object if E⊗ωX ≃ E and Homperf(X)(E , E [∗]) ≃ H∗(Pn; k). Thanks to the
work of Huybrechts-Thomas [15, Prop. 2.6], we can also choose for F the associated
Pn-twist Φ, whose definition is similar to the one above but with q∗(E∨) ⊗ p∗(E)
replaced by a slightly more involved object H ∈ perf(X × X). Proposition 2.23
holds mutatis mutandis in this case with Φ′ := ΦH.
Once again, since the k-scheme X is regular, homotopy K-theory KH(X) agrees
with algebraic K-theory K(X). Consequently, Theorem 1.5 (with E = KH) com-
bined with Proposition 2.23 gives rise to the following distinguished triangle:
K(X)
−K(Φ′)−→ K(X) K(π)−→ KH(perfdg(X)/ΦZ) −→ Σ(K(X)) .
It is well-known (see [31, page 40]) that the homomorphism K0(Φ
′) is given by
K0(X) −→ K0(X) [F ] 7→
∑
i
(−1)idimExti(F , E) · [E ] .(2.0.8)
Therefore, thanks to Corollary 1.6(i), KH0(perfdg(X)/Φ
Z) identifies with the cok-
ernel of (2.0.8). In what concerns periodic cyclic homology, recall from §5 that
H∗dR(X) comes equipped with a non-degenerate Mukai pairing 〈−,−〉. Making use
of it, we introduce the following projection homomorphism⊕
nH
n
dR(X) −→
⊕
nH
n
dR(X) α 7→ 〈α, ch(E)
√
TdX〉 · ch(E)
√
TdX ,(2.0.9)
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where
√
TdX ∈
⊕
nH
2n
dR(X) stands for the square root of the Todd class of X .
Proposition 2.25. Via the above identification (1.0.1), HP±(Φ′) agrees with
(2.0.9). Consequently, Proposition 2.22 holds mutatis mutandis with − ⊗ L[n] re-
placed by Φ and (−1)n(− · ch(L)) − Id replaced by (−1)(2.0.9).
Related work. Given a (not necessarily unital) k-algebra A and a k-algebra au-
tomorphism σ : A ≃ A, Cortin˜as-Thom proved in [11, Thm 7.4.1] that for every
M∞-stable, excisive and homotopy invariant homology theory E of k-algebras, we
have the following distinguished triangle:
(2.0.10) Σ−1(E(A))
∂−→ E(A) E(σ)−Id−→ E(A) −→ E(A⋊σ Z) .
Their proof is an adaptation of Cuntz’s work [12], who extended the original
Pimsner-Voiculescu’s 6-term exact sequence [29] from the realm of operator K-
theory to the realm of topological algebras. Our proof of Theorem 1.5 is radically
different! (Cortin˜as-Thom’s arguments don’t extend to the dg setting). It is based
on a careful study of the derived category of A/F Z using the recent theory of non-
commutative motives; see §4. Due to its generality, which is exemplified in §2, we
believe that Theorem 1.5 (and Corollaries 1.6 and 1.8) will be useful for all those
mathematicians whose research comes across (dg) orbit categories.
Acknowledgments: The author is very grateful to Guillermo Cortin˜as for expla-
nations about the distinguished triangle (2.0.10) during an entertaining afternoon
walk on Tiananmen Square. The author also would like to thank Christian Haese-
meyer for useful discussions concerning Proposition 2.13 and Remark 2.14.
3. Preliminaries
Throughout the article, k will be a base commutative ring. All adjunctions will
be displayed vertically with the left (resp. right) adjoint on the left (resp. right)
hand side. Unless stated differently, all tensor products will be taken over k.
3.1. Dg categories. Let C(k) be the category of cochain complexes of k-modules.
A differential graded (=dg) category A is a C(k)-enriched category and a dg functor
F : A → B is a C(k)-enriched functor. Given dg functors F,G : A → B, a
morphism of dg functors ǫ : F ⇒ G consists of a family of degree-zero cycles
ǫx ∈ B(F (x), G(x)), x ∈ A, satisfying the equalities G(f) ◦ ǫx = ǫy ◦ F (f) for all
f ∈ A(x, y); consult Keller’s ICM survey [17] for further details. Recall from §1
that we denote by dgcat(k) the category of small dg categories and dg functors.
Let A be a dg category. The category H0(A) has the same objects as A and
H0(A)(x, y) := H0A(x, y). The opposite dg category Aop has the same objects as
A and Aop(x, y) := A(y, x). A right A-module is a dg functor M : Aop → Cdg(k)
with values in the dg category Cdg(k) of cochain complexes of k-modules. Let C(A)
be the category of right A-modules. As explained in [17, §3.1], the dg structure of
Cdg(k) makes C(A) into a dg category Cdg(A). Given an object x ∈ A, let us write
x̂ : Aop → Cdg(k) for the associated Yoneda right A-module defined by y 7→ A(y, x).
This assignment gives rise to the Yoneda dg functor A 7→ Cdg(A), x 7→ x̂. The
derived category D(A) of A is the localization of C(A) with respect to (objectwise)
quasi-isomorphisms. Its subcategory of compact objects will be denoted by Dc(A).
A
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Every dg functor F : A → B gives rise to the following adjunctions
C(B)
F∗

D(B)
F∗

C(A)
F∗
OO
D(A) ,
LF∗
OO
where F ∗ is defined by pre-composition with F and F∗ (resp. LF∗) is its left adjoint
(resp. derived left adjoint). A dg functor F : A → B is called a Morita equivalence
if LF∗ : D(A) ≃→ D(B) is an equivalence of categories. As proved in [36, Thm. 5.3],
dgcat(k) admits a Quillen model structure whose weak equivalences are the Morita
equivalences. Let us write Hmo(k) for the associated homotopy category.
The tensor product A⊗B of dg categories is defined as follows: the set of objects is
the cartesian product of the sets of objects of A and B and (A⊗B)((x,w), (y, z)) :=
A(x, y) ⊗ B(w, z). As explained in [17, §2.3 and §4.3], this construction gives rise
to symmetric monoidal categories (dgcat(k),− ⊗−, k) and (Hmo(k),−⊗L −, k).
An A-B-bimodule is a dg functor B : A⊗L Bop → Cdg(k) or equivalently a right
(Aop ⊗ B)-module. Standard examples are the “diagonal” A-A-bimodule
IdB : A⊗L Aop −→ Cdg(k) (x, y) 7→ A(y, x)(3.1.1)
and more generally the A-B-bimodule
FB : A⊗L Bop −→ Cdg(k) (x,w) 7→ B(w,F (x))(3.1.2)
associated to a dg functor F : A → B. Let us denote by rep(A,B) the full triangu-
lated subcategory of D(Aop ⊗L B) consisting of those A-B-bimodules B such that
B(x,−) ∈ Dc(B) for every object x ∈ A.
3.2. Noncommutative motives. As proved in [36, Cor. 5.10], there is a natural
bijection between HomHmo(k)(A,B) and the set of isomorphism classes of rep(A,B).
Under this bijection, the composition law of Hmo(k) corresponds to
rep(A,B)× rep(B, C) −→ rep(A, C) (B,B′) 7→ B⊗LB B′(3.2.1)
and the identity of an objectA ∈ Hmo(k) to the isomorphism class of IdB. Since the
A-B-bimodules (3.1.2) belong to rep(A,B), we have a symmetric monoidal functor
dgcat(k) −→ Hmo(k) A 7→ A F 7→ FB .(3.2.2)
The category of noncommutative motives Hmo0(k) has the same objects as Hmo(k)
and abelian groups of morphisms given by HomHmo0(k)(A,B) := K0rep(A,B),
where K0rep(A,B) stands for the Grothendieck group of the triangulated category
rep(A,B). The composition law is induced from the bi-triangulated functor (3.2.1).
In what concerns the symmetric monoidal structure, it is induced by bi-linearity
from Hmo(k). Note that we have a well-defined symmetric monoidal functor
Hmo(k) −→ Hmo0(k) A 7→ A B 7→ [B] .(3.2.3)
Let us denote by U : dgcat(k)→ Hmo0(k) the composition of (3.2.2) with (3.2.3).
For further details on (the category of) noncommutative motives, we invite the
reader to consult the survey article [34] as well as Kontsevich’s talks [21, 22].
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3.3. Dg orbit categories. Let A be a dg category and F : A → A a dg functor.
The dg category A/FN has the same objects as A and complexes of k-modules
(3.3.1) (A/FN)(x, y) :=
⊕
n≥0
A(Fn(x), y) .
Given objects x, y, z and morphisms
f = {fn}n≥0 ∈
⊕
n≥0
A(Fn(x), y) g = {gn}n≥0 ∈
⊕
n≥0
A(Fn(y), z) ,
the mth-component of the composition g ◦ f is defined as ∑n(gn ◦ Fn(fm−n)).
For every object x ∈ A, let us denote by ǫ′x = {ǫ′x,n}n≥0 ∈
⊕
n≥0A(Fn(x), F (x))
the morphism in A/FN from x to F (x) such that ǫ′x,1 = Id and ǫ′x,n = 0 for n 6= 1.
Note that A/FN comes equipped with the canonical dg functor
π′ : A −→ A/FN x 7→ x f 7→ f = {fn}n≥0 ,
where f0 = f and fn = 0 for n 6= 0, and that the assignment x 7→ ǫ′x gives rise to a
morphism of dg functors ǫ′ : π′ ⇒ π′ ◦F . Note also that F extends to a well-defined
dg functor F : A/FN → A/FN and that F (ǫ′x) = ǫ′F (x) for every object x ∈ A.
Definition 3.1. Let A/F Z be the dg category with the same objects as A and with
complexes of k-modules defined as (A/F Z)(x, y) := colimp≥0(A/FN)(x, F p(y)),
where the colimit is induced by the morphisms ǫ′Fp(y) : F
p(y) → F p+1(y). The
composition law is determined by the following morphisms:
(A/FN)(y, F p′(z))⊗ (A/FN)(x, F p(y))→ (A/FN)(x, F p+p′ (z)) (g, f) 7→ F p(g) ◦ f.
Note that A/F Z comes equipped with a canonical dg functor ι : A/FN → A/F Z.
Let us denote by π : A → A/F Z the composed dg functor ι◦π′ and by ǫ : π ⇒ π◦F
the morphism of dg functors ι ◦ ǫ′. Recall from [18, §5.1] that when the dg functor
F induces an equivalence of categories H0(F ) : H0(A) ≃→ H0(A), the morphism of
dg functors ǫ is a (objectwise) quasi-isomorphism.
4. Proof of the main result
The proof of Theorem 1.5 is divided in four steps:
(i) Firstly, we construct a short exact sequence of dg categories relating A/FN
with the dg orbit category A/F Z.
(ii) Secondly, we express the kernel of this above short exact sequence in terms
of a square-zero extension A⋉ B1.
(iii) Thirdly, making use of the theory of noncommutative motives, we relate
the induced morphism E(A ⋉ B1)→ E(A/FN) with E(F )− Id.
(iv) Finally, using appropriate gradings of A⋉B1 and A/FN, we show that the
above two morphisms agree.
Step I: Short exact sequence. Recall from §3.3 that for every object x ∈ A we
have an associated degree-zero cycle ǫ′x : x→ F (x) in A/FN. Let A′ be the full dg
subcategory of Cdg(A/FN) consisting of the objects cone(ǫ̂′x), x ∈ A; recall from [5,
Lem. 4.8] that in any dg category the cone of a degree-zero cycle is unique up to
unique dg isomorphism. We write B′ for the associated A′-(A/FN)-bimodule:
A′ ⊗L (A/FN)op −→ Cdg(k) (cone(ǫ̂′x), y) 7→ Cdg(A/FN)(ŷ, cone(ǫ̂′x)) .
A
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Note that since x̂ and F̂ (x) belong to Dc(A/FN), B′ belongs to rep(A′,A/FN).
Proposition 4.1. We have the following short exact sequence of dg categories
(4.0.2) 0 −→ A′ B′−→ A/FN ιB−→ A/F Z −→ 0
in the homotopy category Hmo(k).
Proof. By definition of a short exact sequence of dg categories (see [17, Thm. 4.11]),
we need to prove that the following sequence of triangulated categories
(4.0.3) Dc(A′) →֒ Dc(A/FN) Lι∗−→ Dc(A/F Z)
is exact in the sense of Verdier [39]. Consider the following adjunction:
D(A/F Z)
ι∗

D(A/FN) .
Lι∗
OO
We start by showing that ι∗ is fully faithful. Since the functors ι∗ and Lι∗ commute
with infinite direct sums, it suffices to show that the counit of the adjunction
Lι∗(ι
∗(x̂)) → x̂ is an isomorphism for every x ∈ A. The object ι∗(x̂) ∈ D(A/FN)
can be identified with the homotopy colimit of the following diagram:
(4.0.4) x̂ −→ · · · −→ F̂ p(x)
ǫ̂′
Fp(x)−→ ̂F p+1(x) −→ · · · .
Using the fact that Lι∗(F̂ p(x)) = F̂ p(x) and that Lι∗(ǫ̂′Fp(x)) = ǫ̂Fp(x) is an iso-
morphism, we hence conclude that the counit of the adjunction is an isomorphism.
Let us write N for the kernel of the functor Lι∗. Thanks to [19, §A.1 Lem. (a)],
we have the following exact sequence of triangulated categories:
(4.0.5) N →֒ D(A/FN) Lι∗−→ D(A/F Z) .
We now show that N = D(A′). Since the functor Lι∗ commutes with infinite direct
sums and Lι∗(ǫ̂′x) = ǫ̂x is an isomorphism, every object of D(A′) clearly belongs to
N . In order to establish the converse inclusion N ⊆ D(A′), it suffices by Lemma
4.2 below to show that the following objects
cone(x̂ −→ ι∗(Lι∗(x̂))) x ∈ A(4.0.6)
belong to D(A′). As mentioned above, ι∗(Lι∗(x̂)) = ι∗(x̂) can be identified with
the homotopy colimit of (4.0.4). Therefore, (4.0.6) can be re-written as follows:
hocolimp≥0(cone(x̂ −→ F̂ p(x))) x ∈ A .(4.0.7)
Using the octahedral axiom and the fact that the triangulated category D(A′)
admits infinite direct sums, we hence conclude that the objects (4.0.7) belongs
to D(A′). This implies that N = D(A′). Finally, by applying [25, Thm. 2.1] to
(4.0.5) (with N replaced by D(A′)), we obtain the searched sequence of triangulated
categories (4.0.3). This achieves the proof. 
Lemma 4.2. The triangulated category N is generated by the following objects:
cone(x̂ −→ ι∗(Lι∗(x̂))) x ∈ A .
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Proof. Since the triangulated categories D(A/FN) and D(A/F Z) admit infinite
direct sums, ι∗ commutes with infinite direct sums, and D(A/FN) is generated by
the objects x̂, x ∈ A, the proof is similar the one of [19, §A.1 Lem. (b)]. 
Step II: Square-zero extension. Let A be a dg category and B a A-A-bimodule.
Definition 4.3. The square-zero extension A⋉B of A by B is the dg category with
the same objects asA and complexes of k-modules (A⋉B)(x, y) := A(x, y)⊕B(y, x).
Given morphisms (f, f ′) ∈ (A⋉B)(x, y) and (g, g′) ∈ (A⋉B)(y, z), the composition
(g, g′)◦ (f, f ′) is defined as (g ◦f, g′ ·f+g ·f ′), where · stands for the A-A-bimodule
structure of B. Let us write i : A →֒ A⋉ B for the inclusion dg functor.
Let F : A → A be a dg functor which induces an equivalence of categories
H0(F ) : H0(A) ≃→ H0(A). In this case we can consider the following A-A-bimodule:
B1 : A⊗L Aop −→ Cdg(k) (x, y) 7→ A(y, F (x))[1] .
Proposition 4.4. We have the following Morita equivalence:
A⋉ B1 −→ A′ x 7→ cone(ǫ̂′x) .(4.0.8)
Proof. Let Cb(C(k)) be the symmetric monoidal category of bounded cochain com-
plexes in C(k), and dgdgcat(k) the category of small Cb(C(k))-enriched categories.
The symmetric monoidal totalization functor Tot : Cb(C(k)) → C(k) gives rise to
a well-defined functor Tot : dgdgcat(k) → dgcat(k). Note that since we are using
bounded cochain complexes in C(k), there is no difference between the totalization
functor Tot⊕ and the totalization functor Tot
∏
.
We start by introducing two auxiliar categories A⋉ B1,A′ ∈ dgdgcat(k). The
first one has the same objects as A and cochain complexes in C(k) given by
(A⋉ B1)(x, y) := · · · −→ 0 −→ A(x, y) 0−→ A(x, F (y)) −→ 0 −→ · · · ,
where A(x, y) is of degree zero. The composition law is induced by the composition
law of A and by the following morphisms:
A(y, F (z))⊗A(x, y) −→ A(x, F (z)) (g′, f) 7→ g′ ◦ f
A(y, z)⊗A(x, F (y)) −→ A(x, F (z)) (g, f ′) 7→ F (g) ◦ f .
Note that Tot(A⋉ B1) identifies with A⋉B1. In order to define the second auxiliar
category A′, we need to introduce some notations. Given objects x, y ∈ A, consider
the following cochain complexes in the dg category A/FN
· · · −→ 0 −→ x ǫ
′
x−→ F (x) −→ 0 −→ · · · · · · −→ 0 −→ y ǫ
′
y−→ F (y) −→ 0 −→ · · · ,
where x and y are of degree zero. The associated cochain complex in C(k) of
morphisms from the left-hand side to the right-hand side is given by
(4.0.9) A/FN(F (x), y) d−1−→ A/FN(x, y)⊕A/FN(F (x), F (y)) d0−→ A/FN(x, F (y)) ,
where d−1(h) := (h ◦ ǫ′x, ǫ′y ◦ h) and d0(f, g) := ǫ′y ◦ f − g ◦ ǫ′x. Under these
notations, the auxiliar category A′ ∈ dgdgcat(k) is defined as having the same
objects as A and bounced cochain complexes in C(k) given by A′(x, y) := (4.0.9).
The composition law is induced by the composition law of A. Via the Yoneda dg
functor A/FN → Cdg(A/FN), the totalization of (4.0.9) can be identified with the
A
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cochain complex of k-modules in Cdg(A/FN) from cone(ǫ̂′x) to cone(ǫ̂′y); see [13,
§2.4]. Consequently, we obtain the following identification of dg categories:
Tot(A′) ≃−→ A′ x 7→ cone(ǫ̂′x) .(4.0.10)
Let us now relate the auxiliar categories A⋉ B1 and A′. Given objects x, y ∈ A,
consider the following morphism between bounded cochain complexes in C(k):
(4.0.11) 0

// A(x, y) 0 //
(π′,π′◦F )

A(x, F (y))
π′

A/FN(F (x), y) d−1// A/FN(x, y)⊕A/FN(F (x), F (y)) d0 // A/FN(x, F (y));
the commutativity of the right-hand side square follows from the that ǫ′ : π′ ⇒ π′◦F
is a morphism of dg functors. Making use of the above morphism, we introduce the
following Cb(C(k))-enriched functor:
A⋉ B1 −→ A′ x 7→ x (A⋉ B1)(x, y) (4.0.11)−→ A′(x, y) .
Thanks to Lemma 4.5 below, the morphism (4.0.11) induce an isomorphism in
horizontal cohomology. Consequently, its totalization is a quasi-isomorphism. This
implies that the induced dg functor
A⋉ B1 = Tot(A⋉ B1) −→ Tot(A′) x 7→ x
is a Morita equivalence. By composing it with the above identification (4.0.10), we
hence obtain the searched Morita equivalence (4.0.8). This achieves the proof. 
Lemma 4.5. The above morphism (4.0.11), between bounded cochain complexes in
C(k), induces an isomorphism in horizontal cohomology.
Proof. Given objects x, y, z ∈ A/FN, consider the following homomorpisms:
(A/FN)(F (x), z) −→ (A/FN)(x, z) h 7→ h ◦ ǫ′x(4.0.12)
(A/FN)(z, y) −→ (A/FN)(z, F (y)) h 7→ ǫ′y ◦ h .(4.0.13)
Note that (4.0.12)-(4.0.13) correspond to the homomorphisms:⊕
n≥0
A(Fn+1(x), z) →֒
⊕
n≥0
A(Fn(x), z)
⊕
n≥0
A(Fn(z), y) F→
⊕
n≥0
A(Fn(z), F (y)) .
By taking z = y in (4.0.12), we conclude that d−1 is injective and consequently that
the morphism (4.0.11) induces an isomorphism in (−1)th-cohomology. The above
descriptions of (4.0.12)-(4.0.13) allow us also to conclude that the image of d0 is
given by
⊕
n≥1A(Fn(x), F (y)). Consequently, the morphism (4.0.11) also induces
an isomorphism in 1th-cohomology. In what concerns 0th-cohomology, note that by
taking z = F (y), resp. z = x, in (4.0.12), resp. in (4.0.13), we conclude that
(π′, π′ ◦ F ) : (A/FN)(x, y) −→ (A/FN)(x, y) ⊕ (A/FN)(F (x), F (y))
induces an isomorphism between (A/FN)(x, y) and the kernel of d0. Moreover,
under such isomorphism, d−1 identifies with the inclusion of
⊕
n≥0A(Fn+1(x), y)
into
⊕
n≥0A(Fn(x), y). This implies that the morphism (4.0.11) also induces an
isomorphism in 0th-cohomology, and hence concludes the proof. 
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Step III: Noncommutative motives. Let E : dgcat(k)→ T be an A1-homotopy
invariant. Thanks to the defining conditions (i)-(ii), the above short exact sequence
of dg categories (4.0.2) gives rise to the following distinguished triangle:
(4.0.14) E(A′) E(B
′)−→ E(A/FN) E(ι)−→ E(A/F Z) ∂−→ Σ(E(A′)) .
Proposition 4.6. We have the following commutative diagram:
(4.0.15) E(A′) E(B
′) // E(A/FN)
E(A⋉ B1)
E((4.0.8)) ∼
OO
E(A)
E(i)
OO
E(F )−Id
// E(A) .
E(π′)
OO
Proof. Thanks to Lemma 4.7 below, it suffices to prove Proposition 4.6 the partic-
ular case where E = U . Recall from §3.3 that we have a morphism of dg functors
ǫ′ : π′ ⇒ π′ ◦ F . Let us denote by ǫ′B : π′B ⇒ π′◦FB the induced morphism of
A-(A/FN)-bimodules. By definition of the Morita equivalence (4.0.8) and of the
A′-(A/FN)-bimodule B′, we observe that the composition U(B′) ◦U((4.0.8)) ◦U(i)
identifies with the Grothendieck class of the following A-(A/FN)-bimodule:
cone(ǫ′B : π′B⇒ π′◦FB) ∈ rep(A,A/FN) .
Since the Grothendieck of this class is given by [π′◦FB] − [π′B], the proof follows
then from the equalities [π′B] =: U(π
′) and [π′◦FB] =: U(π
′ ◦ F ). 
Lemma 4.7. Given an A1-homotopy invariant E : dgcat(k) → T , there is an
(unique) additive functor E : Hmo0(k)→ T such that E ◦ U ≃ E.
Proof. Recall from [36] that a functor E : dgcat(k)→ D, with values in an additive
category, is called an additive invariant if it inverts the Morita equivalences and
sends split short exact sequence of dg categories to direct sums. As proved in [36,
Thms. 5.3 and 6.3], the functor U : dgcat(k) → Hmo0(k) is the universal additive
invariant, i.e. given any additive category D there is an equivalence of categories
U∗ : Funadditive(Hmo0(k),D)
≃−→ Funadd(dgcat(k),D) ,
where the left-hand side denotes the category of additive functors and the right-
hand side the category of additive invariants. The proof follows now from the fact
that every A1-homotopy invariant is also an additive invariant. 
Step IV: Gradings. A dg category B is called N0-graded if the complexes of
k-modules B(x, y) admit a direct sum decomposition ⊕n≥0 B(x, y)n which is pre-
served by the composition law. Let us denote by B0 the associated dg category with
the same objects as B and B0(x, y) := B(x, y)0. Note that we have an inclusion dg
functor i0 : B0 →֒ B and a projection dg functor p : B → B0 such that p ◦ i0 = Id.
Example 4.8. (i) The dg category A/FN, equipped with the direct sum de-
composition (3.3.1), is N0-graded. In this case, (A/FN)0 = A and i0 = π′.
(ii) The dg category A⋉B1, equipped with the direct sum decomposition given
by (A ⋉ B1)(x, y)0 := A(x, y) and (A ⋉ B1)(x, y)1 := B1(y, x), is also N0-
graded. In this case, (A⋉ B1)0 = A and i0 = i.
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Proposition 4.9. Every A1-homotopy invariant E : dgcat(k)→ T inverts the dg
functors i0 : B0 →֒ B.
Proof. Since p ◦ i0 = Id, it remains to show that E(i0 ◦ p) = Id. Note that we have
canonical dg functors inc : B → B[t] and ev0, ev1 : B[t]→ B verifying the equalities
ev0 ◦ inc = ev1 ◦ inc = Id. Consider the following commutative diagram
(4.0.16) B
B H //
i0◦p
//
B[t]
ev0
OO
ev1

B ,
where H is the dg functor defined as
B −→ B[t] x 7→ x B(x, y)n →֒ B(x, y)⊗ tn .
Since E inverts the morphism inc, it also inverts the morphisms ev0 and ev1. There-
fore, by applying the functor E to the above diagram (4.0.16), we conclude that
E(i0 ◦ p) = Id. This achieves the proof. 
Remark 4.10. Note that Proposition 4.9 holds more generally for every functor
E : dgcat(k)→ T which inverts the inclusion dg functors inc : B → B[t].
All together. We now have all the necessary ingredients to finish the proof of
Theorem 1.5. Firstly, by applying Proposition 4.9 to the dg functors π′ : A → A/FN
and i : A → A⋉ B1, we obtain the isomorphisms
E(π′) : E(A) ∼−→ E(A/F Z) E(i) : E(A) ∼−→ E(A⋉ B1) .
Secondly, by combining these isomorphisms with the above commutative diagram
(4.0.15) and triangle (4.0.14), we obtain the searched distinguished triangle (1.0.2).
This concludes the proof.
5. Remaining proofs
Proof of Corollary 1.6. Item (i) follows from the long exact sequence of homo-
topy groups associated to the distinguished triangle (1.0.2) (with E = KH) and
from the fact that Kn(A) = 0 for n < 0. In what concerns item (ii), consider the
following diagram:
(5.0.17) K0(A)
∼

K0(F )−Id // K0(A)
∼

K0(π) // K0(A/F Z)

KH0(A)
KH0(F )−Id
// KH0(A)
KH0(π)
// KH0(A/F Z) .
If H0(A/F Z) is triangulated and idempotent complete, then K0(A/F Z) agrees with
the Grothendieck group of H0(A/F Z). Consequently, since the functor H0(π) is
(essentially) surjective, the morphism K0(π) is surjective. Making use of item (i),
we then conclude that the right-hand side morphism in (5.0.17) is an isomorphism.
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Proof of Proposition 2.5. Recall from §3.1 that we denote by ΣnB, resp. by
IdB, the A-A-bimodule associated to the suspension dg functor Σn : A → A, resp.
to the identity dg functor Id : A → A. These A-A-bimodules are related by the
following equality ΣnB = (IdB)[n] ∈ rep(A,A). Consequently, we conclude that
U(Σn) = [(IdB)[n]] = (−1)n[IdB] = (−1)nU(Id) = (−1)n Id .
Making use of Lemma 4.7, this then implies that E(Σn) = (−1)n Id.
Proof of Proposition 2.8. The dg functors si : k → Dbdg(A), 1 ≤ i ≤ m, associ-
ated to the simple right A-modules S1, . . . , Sm give rise to an isomorphism
(5.0.18)
m⊕
i=1
U(si) :
m⊕
i=1
U(k)
∼−→ U(Dbdg(A)) ;
see [38, Rk. 3.19]. Therefore, the proof of item (i) follows from Lemma 4.7. In what
concerns item (ii), note that by applying the functor HomHmo0(k)(U(k),−) to
(5.0.19) U(F ) : U(Dbdg(A)) ∼−→ U(Dbdg(A))
we obtain the associated group automorphism of K0(Db(A)). Via (5.0.18), this
group latter automorphism identifies with M(F ) :
⊕m
i=1 Z
∼→ ⊕mi=1 Z. Therefore,
since EndHmo0(k)(U(k)) ≃ Z, we conclude by the Yoneda lemma that (5.0.19) is
given by the matrix M(F ). The proof follows now once again from Lemma 4.7.
Proof of Proposition 2.13. Thanks to Corollary 2.11, K0(MCM(Rs)) identifies
with the cokernel of the endomorphism CAs−Id of
⊕s
i=1 Z. Recall from Auslander-
Reiten-Smalø [2, page 289] that CAs − Id corresponds to the following matrix:
(5.0.20)


−2 1 0 · · · 0
−1 −1 . . . . . . ...
−1 0 . . . . . . 0
...
...
. . .
. . . 1
−1 0 · · · 0 −1


s×s
.
The proof follows now from the fact that the cokernel of (5.0.20) is isomorphic to
Z/(s+1). A canonical generator is given by the image of the vector (0, · · · , 0,−1).
Proof of Proposition 2.16. Thanks to Corollary 2.11, K0(MCM(R)) identifies
with the cokernel of the endomorphism −CQ − Id of Z ⊕ Z. This endomorphism
corresponds to the matrix
(−9 3
−3 0
)
. Therefore, the proof follows from the fact
that the cokernel of this matrix is isomorphic to Z/3 × Z/3. Canonical generators
are given by the image of the vectors (1, 0) and (−3,−1).
Proof of Proposition 2.22. Thanks to Proposition 2.5, it suffices to show that
via (1.0.1) the morphism HP±(− ⊗ L) identifies with
(5.0.21) − ·ch(L) :
⊕
n
HndR(X) −→
⊕
n
HndR(X) .
The dg functor −⊗ L can be written as the following Fourier-Mukai dg functor:
Φ∆∗(L) : perfdg(X) −→ perfdg(X) F 7→ q∗(p∗(F)⊗∆∗(L)) .
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Consequently, as proved in [10, Thm. 6.7], the morphism (5.0.21) identifies with⊕
n
HndR(X) −→
⊕
n
HndR(X) α 7→ q∗
(
p∗(α) · ch(∆∗(L)) ·
√
TdX×X
)
,
Let us now show that this morphism identifies with (5.0.21). Consider the equalities:
ch(∆∗(L)) · TdX×X = ∆∗(ch(L) · TdX)(5.0.22)
= ∆∗(ch(L) ·∆∗(
√
TdX×X))(5.0.23)
= ∆∗(ch(L)) ·
√
TdX×X .(5.0.24)
Some explanations are in order: (5.0.22) follows from the Grothendieck-Riemann-
Roch theorem applied to the morphism ∆, (5.0.23) follows from the fact that TdX =
∆∗(
√
TdX×X), and (5.0.24) follows from the projection formula. If we divide
by
√
TdX×X , we then obtain the equality ch(∆∗(L)) ·
√
TdX×X = ∆∗(ch(L)).
Consequently, the above morphism identifies with
α 7→ q∗(p∗(α) ·∆∗(ch(L)))
= q∗(∆∗(∆
∗(p∗(α)) · ch(L))) = q∗(∆∗(α · ch(L))) = α · ch(L)(5.0.25)
where (5.0.25) follows from the projection formula and from the equalities p ◦∆ =
q ◦∆ = Id. This achieves the proof.
Proof of Proposition 2.23. Recall from [10, §3] that we have the bijection
Iso perf(X ×X) ∼−→ HomHmo(k)(perfdg(X), perfdg(X)) E 7→ ΦE ,
where ΦE stands for the Fourier-Mukai dg functor F 7→ q∗(p∗(F) ⊗ E). Conse-
quently, the morphism U(Φ) identifies with the Grothendieck class of
cone (q∗(E∨)⊗ p∗(E)→ ∆∗(OX)) ∈ perf(X ×X) .
Since this class is given by [∆∗(OX)]− [q∗(E∨)⊗p∗(E)] and Φ∆∗(OX ) = Id, we hence
conclude that U(Φ) = Id−U(Φ′). Making use of Lemma 4.7, this then implies that
E(Φ) = Id−E(Φ′).
Mukai pairing. Since the k-scheme X is proper, all the complexes of k-vector
spaces perfdg(X)(F ,F ′) belongs to Dc(k). Consequently, the bimodule (3.1.1)
(withA = perfdg(X)) corresponds to a morphism in the homotopy category Hmo(k):
(5.0.26) perfdg(X)⊗ perfdg(X)op −→ k .
By first pre-composing (5.0.26) with the Morita equivalence
perfdg(X)⊗ perfdg(X) −→ perfdg(X)⊗ perfdg(X)op (F ,G) 7→ (F ,G∨) ,
and then by applying the symmetric monoidal functorHP± (see [10, §8]), we obtain
(via the identification (1.0.1)) the searched Mukai pairing:
〈−,−〉 :
⊕
n
HndR(X)⊗
⊕
n
HndR(X) −→ k .
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Proof of Proposition 2.25. By an abuse of notation, let us still denote by E , resp.
by E∨, the dg functor k → perfdg(X), resp. k → perfdg(X)op, associated to the
perfect complex E , resp. to E∨. Under these notations, the bimodule Φ′B associated
to the Fourier-Mukai dg functor Φ′ corresponds to the following composition
perfdg(X)
IdB⊗E∨B⊗EB−→ perfdg(X)⊗perfdg(X)op⊗perfdg(X)
(5.0.26)⊗IdB−→ perfdg(X) .
Therefore, by applying the symmetric monoidal functor HP± to this composition,
we conclude that via (1.0.1), HP±(Φ′) agrees with the following homomorphism:⊕
n
HndR(X) −→
⊕
n
HndR(X) α 7→ 〈α,HP±(E)〉 ·HP±(E) .
The proof follows now from the equalityHP±(E) = ch(E)·√TdX ; see [10, Thm. 6.7].
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